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Abstract
Binge drinking in the UK is an increasing problem, resulting in
negative health, social and economic effects. Mathematical modelling
allows for future predictions to be made and may provide valuable
information regarding how to approach solving the problem of binge
drinking in the UK. We develop a 3-equation model for alcohol prob-
lems, specifically binge drinking, which allows for total recovery. In-
dividuals are split into those that are susceptible to developing an
alcohol problem, those with an alcohol problem and those in treat-
ment.
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We find that the model has two equilibrium points: one without
alcohol problems and one where alcohol problems are endemic in the
population. We compare our results with those of an existing model
that does not allow for total recovery. We show that without to-
tal recovery, the threshold for alcohol problems to become endemic
in the population is lowered. The endemic equilibrium solution is
also affected, with an increased proportion of the population in the
treatment class and a decreased proportion in the susceptible class.
Including totally recovery does not determine whether the proportion
of individuals with alcohol problems increases or decreases, however
it does effect the size of the change. Parameter estimates are made
from information regarding binge drinking where we find an increase
in the recovery rate decreases the proportion of binge drinkers in the
population.
Keywords: Epidemics; ODE model; stability; equilibria; binge drinking
1 Introduction
Smith and Foxcroft [39] report that between 1998 to 2006 there was an over-
all increase in the proportion of individuals in Great Britain who exceed the
recommended alcohol consumption limits, including a doubling of the pro-
portion of women who binge drink. Excessive alcohol consumption can lead
to a range of negative health and social effects [16] and it is estimated that
alcohol misuse costs the NHS £2.7 billion per year with alcohol related hospi-
tal admissions having increased by 100% from 2002/03 to 2009/10 [2]. These
figures suggest that there is an increasing trend of alcohol misuse, which is
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resulting in costs to health and the economy. Here we devise a predictive
mathematical model which may offer an insight into the best strategy for
tackling problems with alcohol, in particular binge drinking.
Mathematical models for behaviours such as alcoholism have been devel-
oped from epidemiological models for the spread of infectious diseases. One
of the first infectious disease models by Kermack and McKendrick [21] con-
siders a constant population where individuals are split into those that are
susceptible to catching the disease (S), infected individuals (I) and immune
or dead individuals (R). To maintain a constant population, immune indi-
viduals and those that have died from the disease enter the removed class,
hence models of this form have become known as SIR models. Developments
of SIR models and their extensions continue to be employed to describe vari-
ous scenarios in mathematical epidemics, cf. Murray [32], Wang and Mulone
[41], Wang and Ruan [42], Wang and Zhao [43], Boni and Feldman [5], Lou
and Ruggeri [24], Buonomo and Lacitignola [6], Capone [9], Keeling and Ro-
hani [20], Li et al. [23], Ma and Li [25], Buonomo and Rionero [7], Buonomo
et al. [8], Mulone et al. [31], Rionero [34], Rionero and Vitiello [35].
Another development of such models has been to apply them to situations
where it is assumed that social interaction is the key factor in spreading the
behaviour. Behaviours which can result in adverse health effects have been
represented, such as drinking [36, 3, 26, 28, 37, 30], smoking [38], drug use
[44, 29], obesity [18, 15] and eating disorders [14]. Even though the models for
each social problem may appear mathematically similar at the onset, there
are fundamental differences which must be catered for. For example, a small
intake of alcohol may be beneficial to health as shown by the J-shaped curve
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of alcohol intake against health problems [27, 22]. For smoking however,
the graph of amount smoked against health problems immediately has an
increasing gradient, indicating the detrimental effect of smoking on health.
In this paper we develop a three-stage model which represents the effect
of social influence on drinking habits, with a particular interest in total re-
covery. The total population is split into susceptible individuals, individuals
with alcohol problems and individuals in treatment. Susceptible individuals
are those who do not consume alcohol in a way defined to be problematic.
We refer to alcohol problems in general as the model is applicable to a variety
of drinking behaviours, for example dependent drinkers who drink every day
or binge drinkers who consume many units in one session. The precise defini-
tions of each class must be determined by the nature of the behaviour being
modelled, which we demonstrate in section 2.5 using information regarding
binge drinking. We consider the recovered class to represent those receiving
treatment. Whilst it is possible for individuals to tackle an alcohol problem
without professional help, data regarding the number of individuals opting
for this approach is unavailable. If such information were to become available
then a change to the definition of the class would perhaps be appropriate.
The definition of treatment may also vary depending on the nature of the
problem and any associated withdrawal effects.
The three subpopulations are similar to the classes defined in the work
of Sanchez et al. [36] (also see Benedict [3]) and Mulone and Straughan [30],
however neither of these models allow for total recovery. Sanchez et al. [36]
found that the basic reproduction number alone is not always the key factor in
controlling drinking in the population. Mulone and Straughan [30] extended
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their model by splitting binge drinkers into those who admit that they have
a problem and those that do not admit. Using data for the north east of
England, they conclude that binge drinking is sustainable in the population.
Other models, by Manthey et al. [26], Mubayi et al. [28] and Santonja
et al. [37], do not contain a treatment class but instead split the population
into three classes depending on the amount of alcohol an individual consumes.
Manthey et al. [26] consider a students’ 5-year period in a university cam-
pus environment, which is deemed too short for recovery to be determined.
Mubayi et al. [28] also focused on the drinking habits of students, however
they were interested in assessing how a change from low to high risk drink-
ing environments affected the transistion from susceptible to heavy drinker.
Santonja et al. [37] do not consider a treatment class despite an individual
spending 50 years in the system as the aim of the work is to determine the
health and economic costs of risky alcohol consumption. This is determined
by the average alcohol intake alone, irrespective of any recovery process.
We have chosen to include a treatment class as we aim to discover the
most effective way to reduce the proportion of the population in the alcohol
problems class. Such information may be useful to health professionals and
policy makers when devising strategies aimed at reducing the proportion of
the population suffering from alcohol problems. We also allow for individuals
to completely recover from their alcohol problem. The motivation for this
stems from recent ideas regarding the nature of recovery.
Best [4] discusses various definitions of recovery and introduces the con-
cept of recovery champions. These champions are individuals who have suc-
cessfully recovered from misusing alcohol, or other similar problems, and
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appear as a role model or an example of success to inspire those currently
in treatment. The UK Drug Policy Commission Recovery Consensus Group
report [40] does not contain a precise definition of recovery as it is an individ-
ual process, i.e. recovery cannot be given a fixed definition which applies to
the whole population as it varies depending on the individual. Instead, a set
of key principles of recovery are presented. The report concludes that some
individuals will always remain in treatment whereas others will feel that they
are fully recovered. To accommodate both these options, we allow for indi-
viduals to move from the treatment class back to the susceptible population
at a given rate.
The model we construct considers a population ofN individuals separated
into the three subclasses, represented by a system of three ordinary differen-
tial equations. Susceptible individuals, denoted by S(t) where t is time, are
those without an alcohol problem. We assume that a susceptible individual
develops an alcohol problem through interactions with those in the alcohol
problems class, A(t). Finally an individual may be in the treatment class,
R(t), from which they may relapse and hence return to A(t). Alternatively
an individual may remain in treatment for a sufficient length of time so that
they totally recover, at which point they return to the susceptible population
as they are no longer experiencing difficulties with alcohol.
Using stability analysis we calculate a critical threshold value, R0, which,
once exceeded, determines that alcohol problems will persist in the popula-
tion. Sensitivity analysis reveals which parameter has the greatest effect on
this threshold value and thus may provide valuable insights into the most
effective way of tackling alcohol misuse in the population. We then consider
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the stability of the endemic equilibrium solution and compare our results
with the case where total recovery is not possible. Finally we use numerical
simulations to predict the future proportion of binge drinkers in England.
2 The mathematical model
As stated in the introduction, we consider a population of N individuals
and split them into three classes, S(t), A(t) and R(t). The probability that
a susceptible individual has contact with someone in the alcohol problems
class is A/N . Not all such contacts will be sufficient for the susceptible
individual to develop an alcohol problem, so we define β to be the rate at
which sufficient contacts occur. This gives us the rate at which individuals
move from being susceptible to having an alcohol problem as βAS/N . This
sort of transmission term has been employed in modelling drug and alcohol
probelms, cf. Sanchez et al. [36], Benedict [3], Manthey et al. [26], Santonja
et al. [37]
Individuals may move to the recovery class by entering a treatment pro-
gramme, which we assume occurs at a constant rate ϕ. Once in treatment,
an individual can either relapse or they can recover. Relapsing back to A(t)
is also assumed to happen at a constant rate, ρ, whereas recovery, and hence
return to the susceptible class, is assumed to happen at a constant rate γ. We
assume that individuals enter and leave the population at the same constant
rate µ, where 1/µ represents the average length of time spent in the system.
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The dynamics of this SAR system are given by the equations
S˙ = µN −
βAS
N
+ γR− µS,
A˙ =
βAS
N
+ ρR− (ϕ+ µ)A, (2.1)
R˙ = ϕA− (ρ+ µ+ γ)R,
where the total population is given by N = S + A + R with N > 0, S ≥ 0,
A ≥ 0 and R ≥ 0.
Figure 1 here.
To preserve the direction of flow through the system (see figure 1), we take
only positive values for the parameters β, µ, ϕ, ρ and γ. Following the method
in Mulone and Straughan [30], we now introduce the variables s(t) = S(t)/N ,
a(t) = A(t)/N and r(t) = R(t)/N , which enables us to rewrite system (2.1)
as
s˙ = µ− βas+ γr − µs,
a˙ = βas+ ρr − (ϕ+ µ)a, (2.2)
r˙ = ϕa− (ρ+ µ+ γ)r,
where 1 = s+ a+ r. As s = 1− a− r, we can reduce system (2.2) to the two
equations
a˙ = −βa2 − βar + (β − ϕ− µ)a+ ρr,
r˙ = ϕa− (ρ+ µ+ γ)r. (2.3)
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2.1 Stability analysis
We solve equations (2.3) to find the equilibrium points of the system, which
are the problem-free solution (a, r) = (0, 0) and the endemic solution (a, r) =
(a¯, r¯). We will now analyse the local stability of the problem-free equilibrium
solution by considering a linearisation of system (2.3) at (a, r) = (0, 0). The
linearisation of equations (2.3) around a general point (aˆ, rˆ) is given by a˙ =
J(aˆ)(a− aˆ) where J is the Jacobian matrix and a is the vector
a =

a
r

 . (2.4)
The Jacobian matrix at the point (0, 0) is given by
J(0, 0) =

(β − ϕ− µ) ρ
ϕ −(ρ+ µ+ γ)

 ,
which has eigenvalues
σ+ =
−x1 +
√
x12 − 4y1
2
and σ− =
−x1 −
√
x12 − 4y1
2
(2.5)
where
x1 = ϕ+ ρ+ 2µ+ γ − β,
y1 = −ρϕ+ (ρ+ µ+ γ)(ϕ+ µ− β).
For the problem-free equilibrium point to be locally asymptotically stable
we require the real part of both eigenvalues to be negative. This is true
provided x1 > 0 and y1 > 0. It is sufficient to consider y1 > 0 only as this
condition guarantees x1 > 0 (see appendix A) from which we determine that
the inequality
β(ρ+ µ+ γ)
µ(ρ+ µ+ γ + ϕ) + γϕ
< 1 (2.6)
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must hold for the equilibrium point to be locally asymptotically stable. If
this situation arises then alcohol problems will eventually die out in the
population. If inequality (2.6) is reversed then the equilibrium solution is
unstable and alcohol problems may persist in the population. We now define
the basic reproduction number R0 to be
R0 :=
β(ρ+ µ+ γ)
µ(ρ+ µ+ γ + ϕ) + γϕ
, (2.7)
where R0 < 1 indicates stability and R0 > 1 indicates instability of the
problem-free equilibrium solution.
2.2 Endemic equilibrium solution
The second equilibrium solution of system (2.3) is (a, r) = (a¯, r¯), where

a¯ =
β(ρ+ µ+ γ)− µ(ρ+ µ+ γ + ϕ)− γϕ
β(ρ+ µ+ γ + ϕ)
,
r¯ =
ϕ
(ρ+ µ+ γ)
·
β(ρ+ µ+ γ)− µ(ρ+ µ+ γ + ϕ)− γϕ
β(ρ+ µ+ γ + ϕ)
,
(2.8)
and only exists for R0 > 1. The Jacobian of equations (2.3) at the point
(a¯, r¯) is
J(a¯, r¯) =

−2βa¯− βr¯ + (β − ϕ− µ) ρ− βa¯
ϕ −(ρ+ µ+ γ)

 (2.9)
and the corresponding eigenvalues are given by
σ˜+ =
−x2 +
√
x22 − 4y2
2
and σ˜− =
−x2 −
√
x22 − 4y2
2
, (2.10)
where
x2 = 2βa¯+ βr¯ + ϕ+ 2µ+ ρ+ γ − β
y2 = ϕ(βa¯− ρ) + (ρ+ µ+ γ)(2βa¯+ βr¯ + ϕ+ µ− β).
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For the equilibrium solution (a¯, r¯) to be linearly asymptotically stable then
x2 > 0 and y2 > 0 must hold. Appendix B.1 gives the calculations which
show that x2 > 0 is always true provided y2 > 0, so to find the local stability
conditions we need only consider y2 > 0. We can write y2 in terms of the
model parameters only by substituting in the values for a¯ and r¯, which is
shown in appendix B.2. From this we find that the inequality y2 > 0 can be
written as
β(ρ+ µ+ γ)− µ(ρ+ µ+ γ + ϕ)− γϕ > 0.
This can be rearranged to give
1 <
β(ρ+ µ+ γ)
µ(ρ+ µ+ γ + ϕ) + γϕ
,
which is equivalent to R0 > 1. From this we know that (a¯, r¯) is locally
asymptotically stable when it exists, hence alcohol problems become endemic
provided R0 > 1.
Our analysis reveals that the equilibrium point (0, 0) is locally asymptot-
ically stable for R0 < 1, whereas (a¯, r¯) is locally asymptotically stable for
R0 > 1. We can see that the value of R0 determines whether alcohol prob-
lems will die out or become endemic in the population and so we consider
R0 = 1 to be an invasion threshold value.
2.3 Sensitivity analysis
Having defined R0 = 1 as a threshold for the invasion of alcohol problems,
we are now interested in which model parameter has the greatest effect on
the R0 value and hence has the greatest effect in determining whether alco-
hol problems will persist in the population. To this end, we calculate the
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normalised sensitivity index, NSI = (k/R0)(∂R0/∂k), which indicates how
sensitive R0 is to a change in parameter k, where normalisation allows for
a direct comparison between parameters. A negative normalised sensitivity
index indicates that an increase in the parameter value results in a decrease
in the R0 value. As we are only interested in the magnitude of the change
to the R0 value, we consider the absolute value. The normalised sensitivity
indices for the parameters are
∣∣∣∣ βR0
∂R0
∂β
∣∣∣∣ = 1,∣∣∣∣ µR0
∂R0
∂µ
∣∣∣∣ = µ(µ+ γ)(ρ+ µ+ γ) + ρµ(ρ+ µ+ γ + ϕ)µ(µ+ γ)(ρ+ µ+ γ) + ρµ(ρ+ µ+ γ + ϕ) +G < 1,∣∣∣∣ ρR0
∂R0
∂ρ
∣∣∣∣ = ρϕ(µ+ γ)ρϕ(µ+ γ) + ϕ(µ+ γ)2 + µ(ρ+ µ+ γ)2 < 1,∣∣∣∣ ϕR0
∂R0
∂ϕ
∣∣∣∣ = ϕ(µ+ γ)ϕ(µ+ γ) + µ(ρ+ µ+ γ) < 1,∣∣∣∣ γR0
∂R0
∂γ
∣∣∣∣ = ργϕργϕ+ γϕ(µ+ γ) + µ(ρ+ µ+ γ)(ρ+ µ+ γ + ϕ) < 1,
where G = γ(µ+ ϕ)(ρ+ µ+ γ) + µϕ(ρ+ γ).
From the calculations here we can see that R0 is most sensitive to changes
in the value of β, which represents the rate at which social interaction me-
diates the development of alcohol problems. We can see that equation (2.7)
for R0 has the form R0 = cβ where
c =
(ρ+ µ+ γ)
µ(ρ+ µ+ γ + ϕ) + γϕ
so a factor α change in the β value results in a factor α change in the value
of R0.
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2.4 The effect of individuals in treatment returning to
the susceptible population
We now compare the model with the situation where movement from R(t)
to S(t) is removed, so complete recovery from an alcohol problem is not pos-
sible. This is achieved by allowing γ = 0, resulting in the model proposed
by Mulone and Straughan [30]. We focus on how γ = 0 affects the basic
reproduction number and the endemic equilibrium solution. With this com-
parison we aim to highlight any qualitative differences between the solutions
of the two models.
2.4.1 Basic reproduction number
The basic reproduction number is given by equation (2.7). For the case where
γ = 0 we define the basic reproduction number by R˜0 where
R˜0 =
β(ρ+ µ)
µ(ρ+ µ+ ϕ)
.
To study the effect that γ > 0 has on the basic reproduction, the difference
between R0 and R˜0 is calculated,
R0 − R˜0 =
−βρϕγ
µ (µ+ ρ+ ϕ) (µ2 + µρ+ µγ + µϕ+ ϕγ)
. (2.11)
As the right-hand side of equation (2.11) is always negative, we conclude
that R0 < R˜0 for all possible parameter values. This means that excluding
the return to the susceptible class increases the average number of secondary
infections which result from a single infected individual entering a wholly
susceptible population.
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2.4.2 Endemic equilibrium solution
Next we look at the change to the endemic equilibrium solution, (s¯, a¯, r¯).
The equilibrium value for the susceptible population, s¯, is calculated using
the expressions for a¯ and r¯ from system of equations (2.8) in s¯ = 1− a¯− r¯,
resulting in
s¯ =
µ(ρ+ µ+ γ + ϕ) + γϕ
β(ρ+ µ+ γ)
. (2.12)
The special case γ = 0 has the endemic equilibrium solution (s˜, a˜, r˜) with
s˜ =
µ(ρ+ µ+ ϕ)
β(ρ+ µ)
,
a˜ =
β(ρ+ µ)− µ(ρ+ µ+ ϕ)
β(ρ+ µ+ ϕ)
,
r˜ =
ϕ
(ρ+ µ)
·
β(ρ+ µ)− µ(ρ+ µ+ ϕ)
β(ρ+ µ+ ϕ)
.
To study the effect that γ has on each individual class we compare the solu-
tion (s¯, a¯, r¯) with the γ = 0 solution (s˜, a˜, r˜).
We begin by examining the susceptible population. The equation
s¯− s˜ =
ργϕ
β(ρ+ µ)(ρ+ µ+ γ)
is always positive, thus s¯ > s˜. Hence, removing the possibility of total
recovery reduces the proportion of individuals in the susceptible class.
For the alcohol problems class, the change in the proportion of individuals
in the class is not as simple as the previous case. The difference between the
two equilibrium values is given by
a¯− a˜ =
γϕ(β − ρ− µ− ϕ)
β(ρ+ µ+ γ + ϕ)(ρ+ µ+ ϕ)
.
The relationship between a¯ and a˜ is determined by the sign of the expression
β − ρ − µ − ϕ. If β > ρ + µ + ϕ then a¯ > a˜, so preventing a return to
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the susceptible class results in a decrease in the proportion of the population
with alcohol problems. If β < ρ+µ+ϕ the converse is true so a¯ < a˜. Finally,
a¯ = a˜ only when β = ρ + µ + ϕ. This expression is independent of γ, so it
is possible for the two models to agree on the proportion of alcoholics in the
population.
For the recovered class, we find that
r¯ − r˜ =
γϕF
β(ρ+ µ)(ρ+ µ+ γ)(ρ+ µ+ ϕ)(ρ+ µ+ γ + ϕ)
(2.13)
where
F = −β(ρ+µ)(ρ+µ+γ)+µ(ρ+µ)(ρ+µ+γ)+µϕ(µ+γ)−ρϕ(ρ+ϕ). (2.14)
As the denominator of the right-hand side of equation (2.13) is always posi-
tive, the sign of r¯−r˜ depends on the numerator, specifically on the value of F .
As we are considering the endemic equilibrium solution, the parameters are
constrained by the inequality R0 > 1. We use this information to determine
that F < 0 must be true and hence r¯ < r˜ (see appendix D). Thus removing
the option of returning to the susceptible class results in an increase in the
proportion of individuals in the recovered class.
2.4.3 Conclusions
Assuming that β, µ, ρ and ϕ are fixed, when γ = 0 the basic reproduction
number is increased, i.e. the average number of secondary infections resulting
from a single infected being introduced into a wholly susceptible population
is increased. For example, we can consider a situation where R˜0 = 1, thus
R0 < 1, and consider increasing the value of β. This increase instantly results
in alcohol problems becoming endemic when γ = 0. When γ > 0 however, we
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find that the rate at which susceptilbe individuals develop alcohol problems
may be increased without resulting in alcohol problems becoming endemic.
Alternatively we could consider R0 as a strictly decreasing function of γ.
In some situations, determined by the other parameter values, an increase in
γ changes the stable equilibrium from the endemic to the alcohol problems-
free solution. Increased γ values indicate that more individuals recover from
an alcohol problem, perhaps achievable by improvements to treatment ser-
vices which discourage individuals from relapsing. An example situation is
shown in figure 2. When γ = 0.550, R0 = 1 and the stable equilibrium
moves from the endemic solution to the alcohol problems-free solution. This
example highlights the importance in understanding the key variables that
affect drinking behaviour. By comparing the model without total recovery
(equating to considering γ = 0) with the model where γ > 0.550, we see that
the value of γ affects the qualitative nature of the system and hence offers
different predictions.
Figure 2 here.
When γ = 0, the endemic equilibrium solution has a decreased proportion
of susceptible individuals and an increased proportion of those in treatment.
This result is intuitive as γ = 0 prevents individuals moving from the treat-
ment class back to the susceptible population. The relationship between
γ and the alcohol problems class is not so obvious as whether there is an
increase or a decrease does not depend on the value of γ, however the mag-
nitude of the effect does. Recall that if β < ρ + µ + ϕ then γ = 0 increases
the proportion of individuals in the alcohol class but if β > ρ + µ + ϕ then
16
the proportion is decreased.
Assuming ρ, µ and ϕ are fixed, then the susceptible population is in-
creased when γ > 0. As γ relates to totally recovered individuals, γ > 0 also
results in a reduction in the treatment class size and hence fewer individu-
als available to relapse. If β is small then we have an increased number of
individuals in the susceptible class, each with only a small chance of devel-
oping alcohol problems. The only way to repopulate A(t) is by individuals
who relapse or by susceptible individuals developing an alcohol problem. By
combining small β with γ > 0, the number of individuals available to relapse
is small and the chance that susceptible individuals will develop alcohol prob-
lems is low. From this we conclude that γ > 0 decreases the proportion of
individuals with alcohol problems when β is small. Conversely, if β is large
and γ > 0 then we have an increased number of susceptible individuals,
each with a large chance of developing alcohol problems, so we intuitively
expect an increase in the proportion of those with alcohol problems in the
population.
2.5 A model for binge drinking in England
We now estimate the parameter values based on recent information regarding
binge drinking in England. Social influence, for example through social norms
and peer pressure, is often considered to play a key role in binge drinking
[13, 12]. As our model represents the effect of social influence on drinking
behaviour, it is appropriate to apply it to the situation of binge drinking.
We shall consider those who binge drink to form the alcohol problems class.
The term binge drinking has not been strictly defined, however according
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to Deacon et al. [10] a binge drinker is usually regarded as someone who
regularly consumes at least twice the guideline daily units of alcohol during
the heaviest drinking day of the week. The UK guidelines state that binge
drinking is consuming 8+ units for men and 6+ units for women in a single
session. It is possible that an individual may occasionally binge drink in
accordance with these guidelines, however this behaviour may be very rare
and hence not indicative of a drinking problem. The data available in Deacon
et al. [10] considers one week only so may include information on infrequent
binge drinkers, however it can be used as an upper bound when wishing to
determine the proportion of regular binge drinkers in the population.
According to Jones et al. [19], the government aims to reduce the harm
caused by 18-24 year old binge drinkers so we shall restrict our population
to this age group. In Britain binge drinking is most prevalent among young
adults, however it is not restricted to this age group with those that binge
drink in their early 20s being more likely to do so in their 40s than those
that do not binge drink [17]. With this in mind we argue that tackling the
current problem of binge drinking will not only reduce antisocial behaviour
and alcohol related accidents now, but may also contribute to reducing the
number of individuals with alcohol-related illnesses and alcohol dependence
in the future. The 18-24 year old age group spend a total of 7 years so we take
µ = 1/7 = 0.143. Information for the number of binge drinkers in treatment
could not be obtained so we shall assume that it is the same proportion as for
dependent drinkers, which is 6% of the drinking population according to the
2011 National Institute for Health & Clinical Excellence (NICE) report [33].
We therefore consider the maximum annual probability of entering treatment
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to be 0.06, which we can convert to a rate using
rate =
− ln(1− p)
t
(2.15)
where p is the probability of an event over the time period t. Using this
equation we calculate a maximum value of ϕ = 0.0619.
El Sheikh and Bashir [11] report that 35% of alcoholics in treatment
relapse within the first 2 weeks and 58% within the first 3 months. After 4
years, 90% are expected to have relapsed [1]. We use the data for the greatest
time interval, which is 4 years, as we believe this will give the most accurate
information and use equation (2.15) to estimate ρ = 0.576. Best [4] indicates
that an individual experiencing a 4/5 year period without consuming alcohol
can be considered as recovered. If 90% of individuals relapse after 4 years in
treatment then we know that 10% remain in treatment so we can use this in
equation (2.15) to calculate the rate of recovery. We obtain a value of 0.0263
which we then divide across a 4-year time period to give a maximum value of
γ = 0.00659. An estimate for β is difficult to determine so we will consider
the minimum β value which ensures alcohol problems become endemic in the
population, defined as βmin. We find that this minimum value is βmin = 0.156,
calculated using the parameter values stated above and the equation R0 = 1.
Deacon et al. [10] give the 2005 percentages for adults that binge drink
as 19.3% for males and 8.1% for females. Assuming an even sex-ratio, this
averages to 13.7% of the adult population so we take an initial value of
a(0) = 0.137. As we assume that 6% of binge drinkers are in treatment we
take r(0) = 0.00874.
According to Smith and Foxcroft [39], there has been an increase in the
number of people drinking over the guideline weekly amounts from 1988-
19
2006. We find that the value βmin = 0.156 results in a decrease in the binge
drinking population from our a(0) value so this is not an appropriate lower
bound. Instead the lowest value we consider in β = 0.2 as this results in
a continuation of the trend. When a susceptible individual meets a binge
drinker, the likelihood that they also become a binge drinker is proportional
to the value of β. As β increases a susceptible individual is more likely to
become a binge drinker so as we increase the value of β we expect an increase
in the proportion of binge drinkers in the population.
Figure 3 here.
We now take starting values (a(0), r(0)) = (0.137, 0.00874) and parameter
values µ = 0.143, ϕ = 0.0619, ρ = 0.576, γ = 0.00659 and let β take the
values 0.2, 0.4, 0.6 and 0.8. Figure 3 shows how the fractions in each of the
classes change over time for the different β values. The graphs plateau at
the equilibrium solution values. It can be seen from figures 3a and 3b that
the greatest increase in the proportion of binge drinkers in the population
occurs when β changes from a value of 0.2 to 0.4. This 0.2 increase in
β results in a change from 20% of the population binge drinking to 56%.
Subsequent increases in β do not have such a great effect on the proportion
of binge drinkers in the population. This highlights that for large β values
any inaccuracy in the estimate for β will not greatly affect the results. If
β is small however, then any inaccuracies could greatly alter the predicted
outcome. Figure 4 shows this relationship.
Figure 4 here.
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Figure 5 shows the phase portrait in the a, r-plane of the endemic equilib-
rium solution for the model where γ > 0 and for the case where γ = 0. The
parameter values have been taken as above, along with β = 0.4. We know
that µ+ρ+ϕ = 0.7809 is greater than the value β = 0.4, so from our analysis
is section 2.4 we expect taking γ = 0 to increase both the equilibrium value
for a(t) and r(t). Figure 5 shows that this is indeed the case.
Figure 5 here.
3 Discussion
We have constructed a model for alcohol problems in a population which
allows for individuals to totally recover and return to the susceptible popula-
tion. The threshold R0 = 1 was found, where R0 < 1 indicates that alcohol
problems will die out and R0 > 1 determines that alcohol problems become
endemic in the population. We found that the R0 value was most sensitive
to changes in the parameter β, which affects the rate at which susceptible
individuals develop an alcohol problem. Decreasing β results in a decrease
in the value for R0. This indicates that efforts to reduce alcohol problems
in the population should focus on preventing susceptible individuals from
developing an alcohol problem.
We compared this model with the special case γ = 0, presented in Mulone
and Straughan [30], which prevents individuals from returning to the suscep-
tible class. We found that taking γ = 0 increased the value of the basic
reproduction number and lead to an increase in the proportion of recov-
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ered individuals and a decrease in the proportion of susceptible individuals.
Whether the proportion of individuals with alcohol problems increases or
decreases is not determined by including totally recovery, however the size of
the change is affected by the value of γ. Thus our analysis reveals that the
effect of γ on a¯ is not straightforward. If the situation were such that β were
large then totally recovery would have an adverse effect on reducing alcohol
misuse in the population.
Estimates were made for the parameters using data for binge drinking
in England. We were particularly interested in the effect of social influence
on binge drinking and so we considered β values in the interval [0.2, 0.8].
Simulations using these values revealed that any inaccuracies in the β value
could have a great effect on the proportion of binge drinkers in the population
if β was small. For larger β values any inaccuracies did not have such a great
effect.
One assumption of the model is that fully recovered individuals who have
returned to the susceptible class have the same likelihood of developing an
alcohol problem for the second time as someone who has had no prior prob-
lem with alcohol. A development for the future would be to include a fourth
class of fully recovered individuals, as in the four equation smoking model
by Sharomi and Gumel [38], rather than assuming that they return to the
susceptible class. This would distinguish fully recovered individuals from
susceptible individuals without prior alcohol problems. Alternatively the
champion effect discussed by Best [4] may be better represented by assum-
ing that those in treatment recover because of interactions with a recovery
champion in the susceptible class, which would introduce more terms into
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the equations.
The mathematics presented here offers a valuable insight into understand-
ing patterns in drinking behaviour which are affected by social influence. Fu-
ture work will continue to explore mathematical applications to the study of
human behaviours.
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Figure 1: Flow diagram showing the movement between the three subpopu-
lations S(t), A(t) and R(t).
Figure 2: A change in the stability of the two equilibrium solutions occurs
when R0 = 1 at γ = 0.550. The fixed parameter values are µ = 0.25, β = 0.3,
ρ = 0.8 and φ = 0.1.
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(a) β = 0.2, R0 = 1.285,
(s¯, a¯, r¯) = (0.778, 0.205, 0.0174)
(b) β = 0.4, R0 = 2.571,
(s¯, a¯, r¯) = (0.389, 0.562, 0.0480)
(c) β = 0.6, R0 = 3.856,
(s¯, a¯, r¯) = (0.259, 0.682, 0.0582)
(d) β = 0.8, R0 = 5.141,
(s¯, a¯, r¯) = (0.195, 0.742, 0.0633)
Figure 3: Simulations showing how the value of the parameter β affects the
endemic equilibrium solution. The other parameters have values µ = 0.143,
ϕ = 0.0619, ρ = 0.576 and γ = 0.00659.
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Figure 4: Graph showing the rate of change of a¯ with respect to β, where we
consider a¯ to be a function of β only. As β increases, the rate of change in a¯
tends towards 0.
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(a) (b)
Figure 5: Phase portraits showing the endemic equilibrium point for γ =
0.00659 and for γ = 0, represented by the dashed and dotted lines, respec-
tively. The other parameters take the values µ = 0.143, β = 0.4, ϕ = 0.0619
and ρ = 0.576. The triangle with vertices (0, 0), (1, 0) and (0, 1) in figure 5a
is the boundary of the positive invariant region D = {(a, r) ∈ R2 : a ≥ 0, r ≥
0, a + r ≤ 1}, where all solutions lie. A proof of the positive invariance of
D is included in appendix C. Figure 5b shows the behaviour of the system
close to the equilibrium solutions.
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A Proof of y1 > 0 implies x1 > 0
We need to show that x1 > 0 always holds provided y1 > 0, where
x1 = ϕ+ ρ+ 2µ+ γ − β,
y1 = −ρϕ+ (ρ+ µ+ γ)(ϕ+ µ− β).
We first consider the inequality y1 > 0 which can be written in terms of the
parameters as
0 < −ρϕ+ (ρ+ µ+ γ)(µ+ ϕ− β)
⇔ 0 < −β(ρ+ µ+ γ) + µ(ρ+ µ+ γ + ϕ) + γϕ
⇔ β(ρ+ µ+ γ) < µ(ρ+ µ+ γ + ϕ) + γϕ. (A.1)
We now consider the necessary condition for x1 > 0 by rewriting this in-
equality in terms of the parameters,
0 < ϕ+ ρ+ 2µ+ γ − β
⇔ β < ϕ+ ρ+ 2µ+ γ. (A.2)
We now multiply inequality (A.2) by (ρ + µ + γ) so that it may be directly
compared with (A.1), which results in
β(ρ+ µ+ γ) < (ϕ+ ρ+ 2µ+ γ)(ρ+ µ+ γ)
⇔ β(ρ+ µ+ γ) < µ(ρ+ µ+ γ + ϕ) + γϕ+ µ2 + ρϕ (A.3)
+ (ρ+ γ)(2µ+ ρ+ γ).
By comparison, we see that inequality (A.1) imposes a stronger comdition
on β(ρ + µ + γ) than inequality (A.3). From this we conclude that y1 > 0
implies x1 > 0.
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B Endemic equilibrium solution calculations
B.1 Proof of y2 > 0 implies x2 > 0
We need to show that x2 > 0 always holds provided y2 > 0, where
x2 = 2βa¯+ βr¯ + ϕ+ 2µ+ ρ+ γ − β,
y2 = ϕ(βa¯− ρ) + (ρ+ µ+ γ)(2βa¯+ βr¯ + ϕ+ µ− β).
We can write y2 in terms of x2 as
y2 = ϕ(βa¯− ρ) + (ρ+ µ+ γ)([2βa¯+ βr¯ + ϕ+ 2µ+ ρ+ γ − β]− [ρ+ µ+ γ])
= ϕ(βa¯− ρ) + (ρ+ µ+ γ)(x2 − [ρ+ µ+ γ]), (B.1)
and, from (2.8), the equation for a¯ in terms of y2 as
a¯ =
y2
β(ρ+ µ+ γ + ϕ)
. (B.2)
Substituting equation (B.2) into equation (B.1) gives
y2 =
ϕy2
ρ+ µ+ γ + ϕ
− ρϕ+ (ρ+ µ+ γ)(x2 − [ρ+ µ+ γ]),
from which we find the equation for x2,
x2 =
y2
ρ+ µ+ γ + ϕ
+
ρϕ
ρ+ µ+ γ
+ ρ+ µ+ γ. (B.3)
From equation (B.3) we see that x2 > 0 is always true if y2 > 0.
B.2 Simplification of y2
We have
y2 = ϕ(βa¯− ρ) + (ρ+ µ+ γ)(2βa¯+ βr¯ + ϕ+ µ− β)
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and we want to write this equation in terms of the model parameters only.
We begin by substituting for r¯ using
r¯ =
ϕ
ρ+ µ+ γ
a¯,
which follows from equations (2.8). This gives
y2 = ϕ(βa¯− ρ) + (ρ+ µ+ γ)(2βa¯+
βϕ
ρ+ µ+ γ
a¯+ ϕ+ µ− β)
= ϕ(βa¯− ρ) + (ρ+ µ+ γ)(ϕ+ µ− β) + βa¯(ρ+ µ+ γ)(2 +
ϕ
ρ+ µ+ γ
)
= ϕ(βa¯− ρ) + (ρ+ µ+ γ)(ϕ+ µ− β) + βa¯(2ρ+ 2µ+ 2γ + ϕ)
= 2βa¯(ρ+ µ+ γ + ϕ)− β(ρ+ µ+ γ) + µ(ρ+ µ+ γ + ϕ) + γϕ.
Using equation (2.8) for a¯, we write y2 in terms of the parameters only as
y2 = 2β(ρ+ µ+ γ)− 2µ(ρ+ µ+ γ + ϕ)− 2γϕ− β(ρ+ µ+ γ) + µ(ρ+ µ+ γ + ϕ) + γϕ
= β(ρ+ µ+ γ)− µ(ρ+ µ+ γ + ϕ)− γϕ.
C Positive invariant region
We show that provided we always take our initial conditions to lie in D,
the solution will always be in D. We do this by considering the direction
field at the boundary, ∂D, which is the triangle in the ar-plane with vertices
(0, 0), (1, 0) and (0, 1). We want to show that the direction field at ∂D always
enters D. This ensures that any trajectory starting in D remains in D.
The boundary will be considered as the union of six sets: each of the three
vertices, and each of the three edges minus the vertices. Firstly we shall look
at the direction field across the line r = 0 for a ∈ (0, 1). To determine the
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direction field along this boundary line we consider equations (2.3) along
r = 0. This gives
a˙ = −βa2 + (β − ϕ− µ)a,
r˙ = ϕa. (C.1)
As a > 0 along the boundary, equation (C.1) determines that r˙ > 0 along
the boundary line r = 0. This is sufficient for us to determine that the
direction field arrows at the boundary line always point into D. Similarly we
now evaluate equations (2.3) along the bounday line a = 0 with r ∈ (0, 1) to
obtain
a˙ = ρr, (C.2)
r˙ = −(ρ+ µ+ γ)r.
As r > 0 we can conclude from equation (C.2) that a˙ > 0, hence all direction
field arrows along this boundary line point into the region D.
The final boundary line is a+ r = 1 for (a, r) ∈ (0, 1)2. Along this line we
can write equations (2.3) in terms of one variable by using r = 1 − a which
gives the equations
a˙ = −(ρ+ µ+ ϕ)a+ ρ,
r˙ = (ρ+ µ+ γ + ϕ)a− (ρ+ µ+ γ).
To determine the direction that arrows cross the boundary line a+ r = 1 we
use the vector dot product. The vector dot product for two vectors x and y
is
x · y = |x||y| cos θ (C.3)
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where θ is the angle between the two vectors. We consider the vector

1
1

 ,
which is orthogonal to the boundary line, and dot this with the vector

a˙
r˙

 .
We find that
a˙
r˙

 ·

1
1

 = −(ρ+ µ+ ϕ)a+ ρ+ (ρ+ µ+ γ + ϕ)a− (ρ+ µ+ γ)
= −µ− (1− a)γ. (C.4)
As (1−a) > 0, the right hand side of equation (C.4) is negative. By applying
the vector dot product formula (C.3) we conclude that cos θ < 0 so θ ∈
(pi/2, 3pi/2). For these values of θ, the direction field always crosses the
boundary line a+ r = 1 in a direction which enters the region D.
We now consider the direction field at each of the vertices of the boundary
triangle. No trajectories can pass through the point (0, 0) as (a˙, r˙) = (0, 0).
At the point (1, 0),
a˙ = −(ϕ+ µ),
r˙ = ϕ.
The equation of the line passing through (0, 1) for which (a˙, r˙) is the direction
vector is r = −ϕ(1 − a)/(ϕ + µ) which has a gradient less than that of the
boundary line a + r = 1, hence trajectories passing through the boundary
point (1, 0) will always enter D. At the point (0, 1),
a˙ = ρ,
r˙ = −(ρ+ µ+ γ).
The equation of the line passing through (0, 1) corresponding to the direction
vector (a˙, r˙) is r = −(ρ+µ+ γ)a/ρ+1. As the magnitude of the gradient of
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this line is greater than that of the boundary line a+ r = 1 we can conclude
that all trajectories passing through the point (0, 1) will always enter the
feasible region.
D Endemic equilibrium solultion comparison
We show that if the inequality R0 > 1 is satified then the inequality F < 0
must also be true. We begin by considering the inequality F < 0, which
gives
0 > −β(ρ+ µ)(ρ+ µ+ γ) + µ(ρ+ µ)(ρ+ µ+ γ) + µϕ(µ+ γ)− ρϕ(ρ+ ϕ).
This rearranges to
β(ρ+ µ)(ρ+ µ+ γ) > µ(ρ+ µ)(ρ+ µ+ γ) + µϕ(µ+ γ)− ρϕ(ρ+ ϕ). (D.1)
We now look at the constraints on the parameter values which come from
R0 > 1. This can be written as
β(ρ+ µ+ γ) > µ(ρ+ µ+ γ + ϕ) + γϕ. (D.2)
By multiplying both sides of inequality (D.2) by (ρ+ µ) we get
β(ρ+ µ)(ρ+ µ+ γ) > µ(ρ+ µ)(ρ+ µ+ γ) + µϕ(µ+ γ) + ρϕ(µ+ γ), (D.3)
which has the same left hand side as inequality (D.1). We now compare in-
equalites (D.1) and (D.3) and find that inequality (D.3) imposes the greatest
lower bound on the expression β(ρ + µ)(ρ + µ + γ). From this we conclude
that if the parameter values satify R0 > 1 then they will satify F < 0.
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